Quantum error correction with degenerate codes for correlated noise 
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We introduce a quantum packing bound on the minimal resources required by nondegenerate error 
correction codes for any kind of noise. We prove that degenerate codes can outperform nondegenerate 
ones in the presence of correlated noise, by exhibiting examples where the quantum packing bound 
is violated. 
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I. INTRODUCTION 



Since its early development in 1995 [l|-l7[, the theory 
of quantum error correction has played a major role to 
design strategies for protecting quantum information in 
the presence of noise. This task is particularly relevant 
in several contexts, such as the communication of quan- 
tum information over quantum channels t»], and fault 
tolerant quantum computation i9] . In view of the mas- 
sive experimental effort in investigating suitable quantum 
computational systems and of future implementations, it 
is of great importance to establish what are the mini- 
mum resources needed to have successful quantum error 
correction. 

A useful bound that allows to quantify them is the 
quantum Hamming bound [10| for nondegenerate codes, 
namely codes for which each error is individually identifi- 
able. This bound holds when the dominant terms in the 
noise process correspond to all the error operators that 
involve at most a fixed number of subsystems. This is the 
case, for example, when the noise affects independently 
every single subsystem (uncorrelated noise). Intuitively, 
the quantum Hamming bound can be explained from the 
fact that if each error is individually identifiable, then it 
must send the encoded information into orthogonal sub- 
spaces, thus setting a lower bound on the dimension of 
the system. Actually, so far no degenerate code has been 
proved to violate the quantum Hamming bound [il[ , and 
for some classes of degenerate codes the impossibility of 
violating the bound has been demonstrated |12j . 

Here, we derive a general bound that we call quantum 
packing bound, constraining the resource requirements 
for the correction of any kind of noise process. In partic- 
ular, the quantum Hamming bound is an instance of the 
quantum packing bound for the case of arbitrary noise 
process affecting at most a fixed number of systems. 

The assumption of uncorrelated noise may not hold in 
many physical implementations of fault tolerant quan- 
tum computers, such as ion traps |13|, quantum dots 
[14| or solid state systems [15;]. In this work wc study 
the resource requirements of error correction codes in 
the presence of correlated noise, namely noise processes 
where perfect correlations among the encoding subsys- 
tems dominate and therefore not all the strings of single 
particle noisy processes are relevant. We show that de- 



generate codes can outperform nondegenerate ones in the 
presence of correlated noise. The resource requirements 
of quantum error correction codes for a particular class of 
correlated errors, namely spatially correlated (or burst) 
errors, have been studied in |16j . 

The paper is organized as follows. In Sect. |ll] we 
provide the quantum packing bound on the minimal re- 
sources required by a nondegenerate code in the presence 
of any kind of noise. We refer to such bound as quantum 
packing bound. We prove that the quantum Hamming 
bound can be recovered as a particular case. In Sect. 
mil we show that in the presence of correlated noise the 
quantum packing bound can be violated by degenerate 
codes, which lead to a much more compact transmission 
of information, unveiling the fact that, for some noise 
channels, degenerate codes can work better than nonde- 
generate codes in terms of resources required. Finally, 
we summarize our results in Sect. IIVI 



II. QUANTUM PACKING BOUND 

An [[n, fc, (i]]g quantum error-correcting code is given 
by a g'^'-dimensional subspace of the state space J^ = 
(C)®" of n quantum systems with q levels where it is 
possible to correct all errors affecting at most (d — l)/2 
quantum systems. We denote by Pq the projector onto 
the quantum code Q. Let Se denote a subspace of linear 
operators on Jt'. The quantum code Q is able to correct 
all errors in Se if and only if there exists an Hermitian 
matrix M such that for any pair of error operators Li, Lj 
which belong to a basis on Se UM 



PnL]L,Po = M,,Pc 



(1) 



In the above expression, known as Knill-Lafiamme cor- 
rectability condition, Mij are the entries of the Hermitian 
matrix M, that depends on the choice of the L^'s. The 
pair (Q, Se), consisting of a quantum code Q and a vec- 
tor space of errors Se, is called degenerate if and only if 
the Hermitian matrix M in Eq. ^ is singular; otherwise, 
{Q, Se) is called nondegenerate. In other words, in the 
case of nondegenerate codes and with a suitable choice of 
error operators, the quantum code is transformed into a 
set of distinct orthogonal subspaces by applying the er- 
ror operators, while for degenerate codes it may happen 



that distinct error operators transform the code into the 
same subspace. 

We derive now a bound for nondegenerate codes, which 
does not depend on the form of the noise acting on the 
encoding system, and which can be reduced to the well 
known quantum Hamming bound lO'j as a particular 
case. To this purpose, we first give a brief overview on 
a few results about error correction. Let us denote the 
system by S and the encoding subspace hy Q C S. Given 
a state p , we say that a channel £ is correctable upon 
input of p if and only if there exists a channel TZ such 
that TZ£{a) — a for every a with supp(cr) C supp(p'^). 
Clearly, if supp(p'^) = Q, this is equivalent to say that Q 
is a good quantum code. 

Let us introduce a purification p^^ oi p^ \ R being the 
reference. It is easy to see that for arbitrary channels 
C and V we have Ir ® C{p^^) ^ Ir® V{p^'^) if and 
only if C(ct) — ^'((t) for any a with supp(cr) C supp(/9'^). 
This fact implies that £ is correctable upon input of p 
if and only if we have Xr ® TZ£{p^^) = p^^. Taking a 
unitary dilation {Us, Ir/)) [{U-ji, \0)] of channel £ (TZ) with 
environment E (A), this is equivalent to the following 
equation: 

R R 
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(2) 



E^ 



-m (Whj) 



where — [T) represents the partial trace. Consider the 
circuit on the left hand side. Denote hy p^ ^ ^ the state 
of S*, i?, and E after the action of Us , and by p^ ^ {p^ ^ ) 
its marginal on SR (RE). Since p^ ^ ^ is a purification 
for p^ ^ we have 



dim(S') > rank(p^'-^'). 



(3) 



We now give two other necessary and sufficient condi- 
tions for correctability, which imply the quantum packing 
bound. 

Proposition 1. A channel £ is correctable upon input 
of p if and only if the reference R and the environment 
E are uncorrelated after the interaction, i.e. p 



R'E' 



^R' 



^E' 



see, e.g. 



Proof. We repeat here only the proof of necessity since it 
is the only part needed. Calling pS R e A j^y^q state of 
SREA after the action of Us and U-ji, Eq- @ is nothing 
but the statement that pS"R"E"A" ^,^^ ^SR ^ r^E ^ ^f 
are both purifications of p^^ . Therefore, there exists a 
unitary U-p such that 

R R 



(4) 
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Discarding systems S and A on both sides one then ob- 
tains p^'^' = p^' (g) p^' . n 

The second necessary and sufficient condition is: 

Proposition 2. A channel £ is correctable upon input of 
p if and only if its complementary channel £ - namely 
the channel from S to E' obtained by tracing S' instead of 
E' - is a deletion channel upon input of p , i.e. £{cr) = 
p^ for every a with supp(cr) C supp(p'^) l2d l (see also 
tla l for a graphical proof). 

Proof. We reproduce here only the proof of necessity be- 
cause it is the only part needed for our considerations. 
Eq. ^ implies that for every a with supp(cr) C supp(p'^) 

we have 

5" S 

C^ 

,A 

(5) 




Taking the partial trace over S and A on both sides we 

then obtain £{a) 

channel. 



p , thus proving that £ is a deletion 

D 



The proofs of Prop. [T] and [2] rely only upon the 
very general requirement that any mixed state admits a 
unique purification up to reversible transformations, thus 
holding for any probabilistic theory with purification [l^ . 

Restricting now Prop. [T] and [2] to the quantum case, 
we derive the following bounds. Using Prop. [TJ Eq. ^ 
becomes 



.fl' 



E'\ 



„E'\ 



dim(S') > rank(p^^ ) rank(/9^ ) = rank(p'^) rank(p^ ), 

(6) 
where last equality holds since £ does not act on R and R 
purifies p^ , so rank(p^ ) = rank(p^) ~ rank{p^). Propo- 
sition [2] allows us to identify the matrix M in the Knill- 
Laflamme condition ([T|) with (the transpose of) p^ . In- 
deed, for every (unnormalized) state of the form PqpPq 
the complementary channel £ acts as 

£{PqpPq) = Trs[Us{PQpPQ ® \v) [vWl] (7) 
= Ty[PqpPq\p''' , 

If £ has Kraus decomposition £{p) — ^iUipLj and 
Us Iv) — J2i Ui 'SS \ei), where je^) is an orthonormal set in 
E, then Eq. ([7]) becomes 



E' 



Tts[L,PqpPqL]] = Tt[PqpPq]p 



Taking p = \'4'){'4'\ with an arbitrary \ip) G M" , Eq. 
becomes 



(^1 PqL\UPq \i,) = (V-l Pq 



' Pij ' 



(8) 



(9) 



which is equivalent to the Knill-Laflanime condition ([T]) 
with p^ = Af "^. Summarizing, we proved the following 
result. 



dim(5) > rank(p'^)rank(Af), 



(10) 



or, equivalently, 



dim(5) > dini(Q)rank(Af). 



(11) 



Notice that rank(Af) does not depend on the choice 
of Kraus operators {Li}. In particular, to compute 
rank(M) we can use a minimal Kraus decomposition 

^{p) = X]i=i "^ KipK], whose cardinality is equal 
to the rank of the Choi-Jamiolkowski operator Rs = 
{£ (g) J)(|/))((J|), obtained by applying the channel £ 
on one side of the maximally entangled vector |/)) = 

EtiNI'^)- 

We now consider the case of nondegenerate codes, i.e. 
codes for which the matrix M is non-singular. In this 
case rank(M) equals rank(_R£), namely the cardinality 
of the minimal Kraus {Ki}. 

Proposition 3 (Quantum packing bound). Given a 
quantum channels with Choi-Jamiolkowski operator Rg, 
any nondegenerate code Q subspace of the system S must 
satisfy 



dim{S) > dim(g)rank(i?£). 
We refer to Eq. il2\) as quantum packing bound. 



(12) 



Proof. The thesis follows immediately from Prop. [T] and 
[21 along with the considerations above. 

Here we provide an alternative short proof that makes 
use of more technicalities. Diagonalize the matrix M in 
Eq. ([1]) to obtain a diagonal matrix D and a new error 
basis Ji. The correctability condition in Eq. ([T]) then 
becomes 



PoJlJ.Po = D,,,P, 



^]^Q 



ijr-Q. 



(13) 



Make use of the polar decomposition and of the cor- 
rectability condition in Eq. (fT3|) to obtain 



J^PC 



U,x/Pj}j,P, 



(14) 



where U is some unitary matrix. Thus, the action of 
the error Ji is to rotate Q into the subspace defined by 
the projector Pi := UiPU} = JiPU} /-/Dii- Since such 
subspaces are orthogonal by Eq. (1131) and are in number 
of rank(Z?) = rank(M), eq. (fTTj) follows. Finally, us- 
ing the non-degeneracy hypothesis, rank(Af ) = rank(_Rg) 
and the statement follows. D 



Notice that in Eq. ([T2|) only the rank of the Choi- 
Jamiolkowski operator describing the noise is involved, 
but no assumption on the form of the noise process af- 
fecting the encoding system has been formulated. The 
quantum Hamming bound 10], which holds for noise 
acting independently on the encoding systems, can be 
derived from Eq. ([T^ as a particular case. Actually, if 
we look at the case of qubits and wish to correct noise 
affecting at most t qubits, we consider a basis of error 
operators given by products of Pauli matrices involving 
up to t qubits. Then, correcting all errors is equivalent 



to correcting the random-unitary channel £ whose Kraus 
operators are proportional to the possible products of 
i < t Pauli matrices [2l|. Since Pauli matrices are or- 
thogonal, this Kraus representation is already minimal, 
whence rank(i?£) can be straightforwardly derived count- 
ing the number of independent Kraus operators (the ones 
affecting i qubits are 3'(")) and this leads to 



2" > 






(15) 



The above formula can be straightforwardly generalized 
to g-dimensional systems by replacing powers of 2 with 
powers of g, and 3 with q^ — 1. 



III. DEGENERATE CODES FOR CORRELATED 
NOISE 

We will now consider the case where noise is corre- 
lated, i.e. it does not act independently on the encoding 
systems and cannot be expressed as £i ® £2 ® ■ ■ ■ ® £m 
where £i represent the noise process acting on the «-th 
system in the encoding space. We will consider in the 
following the case of qubits with Pauli correlated noise, 
i.e. correlated channels in which each Kraus operator is 
the product of Pauli matrices [221 . 

As a first example consider the following CP map £ 

£{p) =pp+ Y. {Px,tjX,XjpXjXi + 

i—l...n,j>i 

PY; ij Yi Yj pYjYi+pz, tj Zi ZjpZjZi) , (16) 

where with probability p = 1 - Yl,i=\...n.j>i Px,ij +PY,ij + 
Pz,ij the input state is left unchanged, while with proba- 
bilities px,ij, PY,ij and pz.ij pairwise Pauli operators X, 
Y and Z are applied to qubits i and j respectively. By 
evaluating the rank of the above CP map, the quantum 
packing bound (|12p in this case takes the simple form 



2" > 2* 



1 



(17) 



Let us consider the simple case fc = 1: the smallest inte- 
ger that satisfies the above bound is n = 7. Nevertheless, 
we can easily construct error correcting codes with lower 
values for n. Consider the quantum code spanned by 



|0) = 1000) 



ID = 1111). 



(18) 



Notice that the above states are also the codewords that 
saturate the Hamming bound for classical error on at 
most one qubit (t = 1) 10]. Our error correcting strat- 
egy works as follows: we encode logical ]0) into ]0) and 
logical ]1) into ]1). As mentioned above, this kind of 
noise either leaves the qubits unchanged, or acts on two 
of them with the same Pauli operator. Notice that the 
two codewords are not changed by the application of the 
Z matrix on any pair of qubits. As a consequence of this. 



the application of pairwise Y operators gives the same re- 
sult as the application of pairwise X operators, namely 
the code is thus degenerate. Therefore, we have only to 
correct errors due to the action of the X operators. To 
achieve this, we perform a projective measurement on 
the bidimensional subspaces Sqq — span{|000) , |111)}, 
Soi = span{|100),|011)}, Sio = span{|010) , |101)} and 
5ii = span{|001) , |110)}. If the outcome of the measure- 
ment is 00, noise has not affected any qubit; if the result 
is 01, noise has affected qubits 2 and 3; if the result is 10, 
noise has affected qubits 1 and 3; if the result is 11, noise 
has affected qubits 1 and 2. In these last three situations, 
acting with X on the corresponding pair of qubits gives 
the original qubits. As we can see, this code exploits 
the invariance of the coding subspace under the action 
of two Z operators to allow for perfect error correction 
while strongly violating the quantum packing bound. 

The above error correcting strategy can be also suc- 
cessfully applied to a generalization of the correlated 
noise (|16p . where we can add additional terms involv- 
ing products of even number of Pauli operators along the 
same direction. For example, it is possible to correct in 
the same way errors acting also on four qubits. In this 
case, the choice of the codewords is 



|0) = 100000) 



|I) = 111111), 



(19) 



and the error correction is performed in a way similar to 
the previous one. As before, this code is highly degen- 
erate because it is invariant under the application of the 
product of an even number of Z Pauli operators. The er- 
ror syndrome is discovered by performing a projective 
measurement on the subspaces span{ 1 00000) , 1 11111)} 
corresponding to no errors, span{|11000) , |00111)} and 
all possible permutations corresponding to two qubits er- 
ror, and span{|11110) , jOOOOl)} and all possible permu- 
tations corresponding to four qubits error. Then, error 
correction is performed in a similar way to the case dis- 
cussed before. 

In this way we have constructed a degenerate quantum 
code which violates the corresponding quantum packing 
bound for nondegenerate codes 



2" > 2* 



1 



(20) 



which would require for k — 1 a minimum n — 14. 
By generalizing this procedure, we can efficiently correct 
noise acting on every even number of qubits. In fact, 
the strategy we have provided allows one to correct cor- 
related errors acting on 2,4, 6, .. .2m qubits coding on 
n = 2m + 1 qubits. The two coding states are then given 
by 



V (»2m-(-l 



V (gi2m-|-l 



|0) = |0)^""'^' |1) = |1)«^"'^\ (21) 

In this case, the quantum packing bound becomes 



2" > 2'^ ^ 3 

1=0 



(22) 



We emphasize that the possibility of achieving such 
compact quantum codes for correlated noise of the form 
studied here is related to the fact that we consider error 
operators acting on an even number of qubits. We now 
consider the problem of correcting correlated noise on 
three qubits. The noisy channel is then of the form 

^[p)^PP+ X! Px,ijkXiXjXkpXkXjXi + 

i—l...n^j>i,k>j 

PY.ijkYiYjYkpYkYjYi + pz,ijkZiZjZkpZkZj2^23>) 

The smallest number of physical qubits we can employ 
for such a channel is ti = 3, which corresponds to a 
nondegenerate code which saturates the corresponding 
quantum packing bound 2" > 2''(1 -f 3(3)). Actually, it 
is possible to encode one logical qubit on n — i phys- 
ical ones by employing the additional two qubits as an 
ancilla initially fixed in the state \a)) = |0) |-|-), where 
\+) = l/\/2(|0) + |1)). After the action of noise, the 
two ancilla qubits are measured in the computational 
basis and in the |-|-), |— ) basis respectively. From the 
result of this measurement, we learn exactly which of the 
four Kraus operator has acted on the qubits because the 
operators XX, YY and ZZ applied to the above state 
1*^)) — |0) 1+) transform it to the mutually orthogonal 
states |1) |-|-), |1) |— ) and |0) |— ) respectively. In order to 
correct the errors, after learning the result of the mea- 
surement, we either do nothing or we apply one of the 
three Pauli operators on the first qubit to recover the 
noiseless state. This strategy, in contrast to what hap- 
pens in quantum codes for independent noise, does not 
involve multipartite entanglement in the encoding sys- 
tems as the three qubits in the encoded state are always 
factorized. In this case there seems to be an intriguing 
balance between the correlations of the noise and the en- 
tanglement in the encoding system: if the noise is fully 
correlated on the three qubits then no entanglement is 
needed for encoding, while if the noise is independent 
then encoding is performed on multipartite entangled 
states. 

The above procedure can be employed to correct corre- 
lated noise of the form (1231) acting on an arbitrary num- 
ber n of qubits by encoding k = n — 2 qubits. As before, 
the fc-qubit state to be protected is encoded appending 
to it the two ancilla qubits in state |0) |+). After the re- 
ceipt of the encoded state, the previously described mea- 
surement of the ancilla will give the syndrome and the 
necessary operations to be performed on the rest of the 
qubits to rescue the original state. In this case we again 
construct nondegenerate codes that saturate the corre- 
sponding quantum packing bound. 



IV. CONCLUSION 

In this paper we provided a quantum packing bound 
for nondegenerate codes. The bound holds for any kind of 
noise and depends on the rank of the Choi- Jamiolkowski 



operator representing the noise process. The quantum 
Hamming bound is then recovered in the particular case 
of arbitrary noise acting independently on a fixed num- 
ber of encoding systems. While the quantum Hamming 
bound has not been violated so far, in the case of corre- 
lated noise we have shown how to exploit degeneracy to 
violate the quantum packing bound and achieve perfect 



quantum error correction with fewer resources than those 
needed for nondegenerate codes. 
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